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Abstract: In this paper, a method for controlling chaotic systems, such as Lorenz system, Chen system and Lu
system is described; which is composed by a nonlinear state vector feedback and a linear H∞ controller. With this
method the objective is to stabilize chaotic oscillations to a steady state, as well as tracking a desired trajectory. In
order to physical implementation a discrete time H∞ controller is used with adjusted sample time, and analogic
implementation is used for nonlinear part of the controller. Computer simulations are given and analyzed for the
purpose of illustration and verification.
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1

Introduction

Chaotic systems have attracted a great deal of attention from various fields of science and engineering.
Over last fifteen years, many methods and technologies have been developed for chaos control and chaotification (anti-control chaos) [1], [4], [5], [2], [3], [17],
[18].
It is difficult to define what constitutes a chaotic
system; in fact, until present time no universally accepted definition has been proposed. Nevertheless,
the essential elements of constituting chaotic behavior
are the following: A chaotic system is one where trajectories present aperiodic behavior and are critically
sensitive with respect to initial conditions. Here aperiodic behavior implies that the trajectories never settle
down to fixed points or to periodic orbits. Sensitive
dependence with respect to initial conditions means
that very small differences in initial conditions can
lead to trajectories that deviate exponentially rapidly
from each other. It is of great theoretical importance
that chaotic behavior cannot exit in autonomous systems of dimension less than three. The justification of
this statement comes from the well-known PoincareBendixson theorem.
Most of mathematical models found in the literatura on control of chaos can be represented by a system of ordinary differential equations (state equations)
ẋ = F(x, p, u)
where x is the n-dimensional vector of the state variable; u is the nu -dimensional vector of inputs control;

p is the np -dimensional vector of parameter-control,
and F is a nonlinear multivariable function or vector
field; which in some cases is a smooth function such
as in Lorenz [9], Chen [6] or Lu [4] attractors; and
in some cases is a piecewise-linear function, such as
in [7], [8], [14], [15]. The measured system output
is denoted by y; which is the ny -dimensional vector
of outputs; which can be defined as a function of the
current system state:
y = h(x)
The problems of suppressing the chaotic oscillations
by reducing them to the regular oscillations or vanishing them completely can be, in general, classified
as three problems [1], [4], [5], [2], [3], [17], [18]
which are: 1) The first class problem refers to periodic orbit stabilization or as particular case, stabilization of unstable equilibrium state. 2) The second
class of chaotic system control includes the generation
of chaotic oscillations, which is also called the chaotification or anti chaos control. This problem arises
where chaotic motion is the desired behavior of the
system. 3) And the third class of control objective
correspond to synchronization of two or more chaotic
systems.
The possibilities of using control engineering approaches to chaos control have been analyzed in numerous papers [1], [4], [5], [2], [3], [17], [18], [21].
In this paper, we have focused on the first class problem aforementioned, where a mixed controller composed by a non-linear state feedback and a linear H∞
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controller is proposed and applied to chaotic attractors for which simulation results are given. The rest
of the paper is organized as follows: In section two
the controller design method is described, in section
three simulations results are analyzed and finally conclusions are given in section four.

2

Controller design method

In this paper we have only considered dynamical systems which have a mathematical model such as:
ẋ = F(x) + u
Examples of this system class are, for example Lorenz
system [9], Chen System [6] or Lu system [13]; when
control law is applied as a added term to some of the
state space equations (first order ordinary differential
equations).
The Lorenz system [9] used here is given by
ẋ1 = σ(x2 − x1 ) + u1
ẋ2 = ρx1 − x2 x3 − x2 + u2
ẋ3 = x1 x2 − βx3 + u3
where simulations are carried out for system parameters σ = 10, β = 8/3, ρ = 28; and initial condition is
given by: x1 (0) = 10, x2 (0) = −10, x3 = 10.
Chen system [6] is similar to Lorenz attractor,
ẋ1 = σ(x2 − x1 ) + u1
ẋ2 = (ρ − σ)x1 − x2 x3 − ρx2 + u2
ẋ3 = x1 x2 − βx3 + u3
In this case, simulations are made for system parameters σ = 35, β = 3, ρ = 28; and initial condition
given by: x1 (0) = 10, x2 (0) = −10, x3 = 10. Although similar to Lorenz attractor, nevertheless, Chen
system is not topologically equivalent in the sense defined in [4]. The Lorenz system satisfies the condition
a12 a21 > 0, while Chen system satisfies a12 a21 < 0;
where a12 , a21 are the corresponding elements in the
constant matrix A = (aij )3×3 for the linear part of the
system. Lu system [13]is given by,
ẋ1 = σ(x2 − x1 ) + u1
ẋ2 = −x1 x3 + ρx2 + u2
ẋ3 = x1 x2 − βx3 + u3
for which in simulations we have used for system parameters σ = 10, β = 8/3, ρ = 28; and initial condition given by: x1 (0) = 10, x2 (0) = −10, x3 = 10.
Lu system satisfies the condition a12 a21 = 0, thereby
bridging the gap between the Lorenz and Chen attractors [13].
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In our method, the control law is composed with
two components: linear part (uL ) and non-linear part
(uN L ),
u = uN L (x) + uL
where the non-linear part is chosen in such away that
the resulting feedback system is linear and time invariant (LTI), and it is given by
ẋ = Ax + uL
where this system has only one equilibria point at origin x = 0; and the control system design problem is
reduced to design a linear control which stabilizes the
closed loop system at origin. For that problem, linear
H∞ control theory is used.
The linear part of the controller is characterized
by
e = r−y
uL = Cc xc + Dc e
ẋc = Ac xc + Bc e
where e = r − y is the error vector, r is the reference
vector or set-point, and y = h(x) is the output measurement vector (in this work y = x has been considered). Where controller matrices are computed using
the respective linearized system, which is obtained by
means of the corresponding nonlinear state feedback.
The nonlinear state feedback structure depends on the
attractor. In case of Lorenz, Chen and Lu systems, the
following nonlinear control law is used:

uN L





0


=  x1 x3 
−x1 x2

With this non-linear state feedback the resulting linearized system for Lorenz attractor has the following
A matrix




−σ σ
0


A =  ρ −1 0 
0
0 −β

meanwhile, matrices B, C and D are as follows:
B = (bij ) ,

C = (cji ) ,

D=0

where i = 1, 2, 3 and j = 1, 2, 3 for multivariable
systems (MIMO) with three inputs and three outputs.
For scalar or simple-input-simple-output (SISO) systems, one input and one output: i = 1, 2, 3, j = 1,
and so on. In this work different combinations of inputs and outputs for MIMO and SISO systems have
been analyzed, but only the results obtained with
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MIMO system (3 × 3, where B = diag{1, 1, 1},
C = diag{1, 1, 1}), will be presented.
In case of Chen system, A matrix is as follows:




−σ
σ
0


A =  ρ − σ −ρ 0 
0
0 −β

For Lu system, the respective A matrix is given by,




−σ σ 0


A= 0 ρ 0 
0 0 −β

Due to equations structure of Lorenz, Chen and Lu
systems, the same nonlinear state feedback is used.
Nevertheless, for different system equations different
nonlinear state feedback is implemented, but the procedure of the proposed method does not change.
For linear H∞ controller design, the linear time
invariant system G is employed, which has a state
space representation composed with the following set
of matrices:
{ A, B, C, D }
where A depends on the particular system used for
designing (see matrices given previously), and in case
of using multivariable controller (MIMO) with three
inputs and three outputs, B, C and D are given as
before (unit diagonal matrices 3 × 3). The relation
between state space matrices and its matrix transfer
function is given by,
G(s) = C(sI − A)−1 B + D
where ”s” is the Laplace transform variable and I is
unit matrix with adequate dimensions.
UN L (y) 
r- i Gc
−6

?
- i u- System

y
-

Figure 1: Control system structure

3

H∞ Controller Design

For linear controller component design, an equivalent
conventional closed loop is considered, which consists of system to control or plant (G), controller Gc ,
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set-point or reference signal (r), measurement noise
(n), disturbances acting at the plant input (di ) and at
the plant output (do ). The signals to evaluate the performance of the system are the control signal (uL ),
the output signal (y), and the error signal (e = r − y);
where signals are multivariable and nominal mathematical models for G and Gc are considered LTI (Linear Time Invariant). In this scheme, it is considered a
vector z, which is used to include signals required to
characterize the behavior of the closed-loop system,
and a vector w which contains external inputs (setpoints, disturbances and noise). So that, the behavior of the closed-loop system is given by z = Tzw w,
where input-output transfer function Tzw depends on
the weighting transfer functions employed in the design problem [16], [19], [23].
The suboptimal H∞ control problem is to find a
controller Gc which stabilizes internally the system
G, such that kTzw k∞ < γ, where γ is a positive real
number; and the H∞ norm for a stable transfer matrix,
Tzw , is defined in frequency domain (s = jω) as
kTzw (jω)k∞ = sup σ(Tzw (jω))
ω

where σ represents the upper singular value.
Internal stability of the closed loop system is an
additional important requirement. In order to define
internal stability, previously we remember that for
continuous-time systems, a rational transfer-function
matrix (or its corresponding state space representation) is exponentially stable if and only if it is proper
and has no poles (or eigenvalues of its state space representation matrix, A) in the closed right half-plane.
When considering discrete-time systems we need to
replace ”closed right half-plane” by ”boundary and
exterior of the origin-centered unit circle”. Now internal stability is defined: A linear time invariant
control system is internally stable if each element of
the transfer-function matrix, Q between input vector
[ r di ]T and output vector [ y uL ]T is exponentially stable; where Q is given by,
Q=

GGc (I + GGc )−1
(I + GGc )−1 G
−1
Gc (I + GGc )
−Gc (I + GGc )−1 G

!

In this way, the concept of internal stability is more
complete and restrictive than the usual exponential
stability concept used in control systems.
In our approach, H∞ controller is designed for
robustness and performance specifications expressed
in the frequency domain; but indicators based on time
domain response such as overshoot, rise time and settle time, are considered too. In practice, it is difficult
to obtain specified time responses, for what we employ a tuning method [10], [11] which gives parame-
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ters for controller pre-tuning, controller evaluation indicators and a method for controller fine tuning. In
the first step, pre-tuning values for performance and
robustness are established by means of the suboptimal H∞ problem, kTzw k∞ < γ (where γ is a positive
real number) is considered, with
Tzw = [WS S

WR R

W T T ]T
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bounds are guaranteed. If it is necessary, higher order
transfer functions may be used [10]. Selection is made
in order to guarantee an lower bound of relative uncertainty (80%) for which robust stability is achieved.
5) Similar weighting transfer functions are used if
more or different components of the set (see Fig. 2)
{WH } are employed, where
{WH } = {Wr , Wn , Wdo , Wdi , WT , WR , WS }

where S = (I + GGc )−1 is the sensitivity function,
T = (I + GGc )−1 GGc is the complementary sensitivity function, and R = Gc S is the control sensitivity function; where the weighting transfer functions,
Wm (s) = diag{Wmj (s)}, m = S, R, T , j = 1, 2, 3
are obtained from the linearized model of the system
[10], [11].
(

Wm (s) = diag

Nmj (s)
Dmj (s)

)

where m = S, R, T ; j = 1, 2, 3; and the polynomials coefficients are obtained from the linearized
model of the system (which has been previously
carried out via nonlinear state feedback) following
the pre-tuning formulae given in [10], [11], which
are valid for scalar systems (SISO) and multivariable
(MIMO) processes.
Time domain specifications
In conventional approach of H∞ control, controller is designed for robustness and performance
specifications expressed in the frequency domain;
but usual indicators based on time domain response
such as overshoot, rise time and settle time, are not
considered a priori. In practice, it is difficult to obtain
the specified time responses using this approach, for
what we use a method to satisfy time response specifications as well as robustness properties [10],[12].
For that, H∞ control theory and genetic algorithms
(H∞ -GA) are employed in our design. We have
implemented the following procedure for controller
design:
1) Time domain specifications are established for rise
time (tr ), overshoot (Mp ), settle time (ts ) and stationary error (ess ) for a step change in set-point.
2) Suboptimal H∞ problem, kTzw k∞ < γ (γ > 0) is
considered.
3) Weighting transfer functions are given by,
Wm (s) = diag

(

cj s + d j
aj s + bj

)

where m = S, R, T , and j = 1, 2, 3. With this election, and if γ = 1, performance and robustness lower

4) Controller is solved through standards algorithms
for H∞ problem. If more adjusted restriction on time
response is necessary, genetic algorithms are used,
employing the following objective function [12]:
f (k) = w1 |Mp (k) − Mpo | + w2 |tr (k) − tro | + w3 |ess |
where Mpo , tro , ess are respectively the specified (objective) overshoot, rising time and steady-state error;
and wi (i = 1, 2, 3) are weighting factors. Here, GA
are used for obtaining weighting transfer functions parameters {aj , bj , cj , dj }, such that closed loop system
satisfaces design specifications. Once these parameters are fixed, conventional algorithms based on algebraic Ricatti equations (ARE) or on linear matrix inequalities (LMI) can be used for solving kTzw k∞ <
γ. This method has been implemented combining
TuhiCo Toolbox and GARCO (Genetic Algorithms
for Robust Control) Toolbox [11],[12].
rn-
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Figure 2: Generalized plant for H∞ and H2 control

4

Simulation results

In this section we present simulations results obtained
with Lorenz system using multivariable control with
three inputs and three outputs. If continuos time controller is designed, its physical implementation must
be with analogic electronics or by means of digital
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5

Conclusions

In this paper a method for controlling chaotic systems
has been proposed, which is composed with a nonlinear state feedback and a linear H∞ controller. State
feedback linearizes system dynamics and the resulting system is used for linear H∞ controller design;
for which internal stability is achieved and robust stability is obtained for relative unstructured uncertainty
of 80% at the output of the system model. This procedure has been applied to Lorenz system, Chen system
and Lu system; for which satisfactory performances
have been obtained. In next works, sensitivity of the

50

40

30

20
x1, x2, x3

processor which requires high sample frequency, for
what DSP (digital signal processor) is needed. In order to avoid high sample frequency for H∞ controller
implementation, we have used bilinear transformation
for a fixed sample time, since the infinity norm of
a given discrete problem is preserved under such a
transformation in the continuous domain [23], [19].
For that, the following procedure is used in our design: 1) G(s) is transformed in its discrete time equivalence, G(z), using the zero order hold equivalence
for a sample time Tm (where z is the Z-transform variable). 2) w-plane transform, special case of inverse bilinear transform, is used for obtaining G(w). 3) With
G(w) is solved the H∞ problem, obtaining the controller Gc (w). 5) The discrete time controller used for
real time implementation, Gc (z), is obtained using the
bilinear transform of Gc (w) for the sample time Tm .
Simulations are carried out with the following parameters: σ = 10, β = 8/3, ρ = 28; and initial condition is given by: x1 (0) = 10, x2 (0) = −10, x3 = 10.
Simulation results for a reference state vector (state
stabilization problem) are given in Fig. 3; and Fig.
4 shows the time response of the system for tracking
problem, where reference trajectory is r(t) = sin(t).
In all simulations the controller is activated at time
t = 20 and the sample time is 0.001 seconds, which
can be implemented in real time using conventional
data acquisition cards. For Tm = 0.01 seconds, satisfactory results are obtained too, but time response
is slower than for Tm = 0.001. Similar results are
obtained for Chen system and Lu system, but due to
space limitations these results are not described here.
Noise and uncertainty effects are not considered
in this paper in explicit way, except for H∞ controller
design where robust stability is guaranteed for relative
unstructured uncertainty of 80% at the output of the
system model. This is made by means of weighting
transfer function selection of WT (s), and if it is satisfied the inequality kWT T k∞ < 1. Significative noise
in measurements and parametric uncertainty will be
considered in next works.
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Figure 3: Time responses of the states, x1 , x2 and x3
for the controlled Lorenz system. Regulation problem: r(t) = [0 0 0]T

control system to significative noise in measurements,
and parametric uncertainty in the system dynamics
will be considered.
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