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Abstract: - An innovative three-phase distributed model is presented for asynchronous machines operating at high-frequency.
The model is useful to study the propagation of surge along the stator windings of the machines that is excited by PWMinverter source or fault waves that occur in the connected line.
The new model is derived from single-phase models traditionally considered in literature. The use of time-space Clarke
vectors allow the introduction of mutual coupling between phase winding and the integration of the model extending the
methods that had been developed for the single-phase case by substituting real time-space variables with complex functions.
A numerical method useful to simulate the distributed model is presented too. This is based on Laplace transformation of the
Clarke waves.
Finally, the first numerical results, carried out by applying a unitary steep-surge and a standard IEEE wave for insulation test
to the obtained equivalent distributed networks, confirm the model validity and permit to underline the required low
computational cost of the approach.
Key-Words: - Machines surge, Clarke transformation, High frequency model, Three-phase distributed model

1 Introduction
The classic dynamical theory of asynchronous machines is
based on the systematic use of space-vectors. According
with Clarke approach, the electric-magnetic-mechanical
system is described, in quasi-steady conditions, by ordinary
differential equations. In this way, the machine is regarded
as an equivalent lumped-constants circuit on the {α,β} axis
and the propagation phenomena are absent.
When the frequency of the voltage arises, the geometric
dimensions of the stator windings become comparable with
the wavelength of the electromagnetic field involved and
the ordinary model lost its validity. With the hypothesis that
the field structure is Transverse ElectroMagnetic (TEM) or
quasi-TEM, the windings have to be considered as
distributed network of inductances and capacitances
mutually coupled and series resistances. In this way,
propagation phenomena appear and the describing
differential equations become of partial type. The
integration of these hyperbolic equations is very difficult;
this is due not only to the mathematic aspects involved but
also to the difficult of measured or calculated the distributed
parameters.
In the present work an innovative approach based on Clarke
vectors in high frequency is proposed for a distributed
constants model, in which the presence of capacitive and
inductive parameters permits to consider the propagation of
steep-fronted surges, i.e. due to PWM-inverter source or to
faults that occurring in the connected line. Because the
related voltage waves are revisited as time-dependent spacevectors, it is possible to extend the resolution techniques

just adopted for one-phase winding to the analyzed threephase case.
A simulation method based on Laplace Transform of the
obtained Clarke model is also presented. The first numerical
results, carried out by applying a unitary steep-surge and
standard IEEE wave for insulation test to the obtained
equivalent distributed networks, confirm the model validity
and permit to underline the required low computational cost
of the approach [5].
The following points are covered in the next sections. In
Section 2 classical single-phase models of the winding
present in literature are rewieved and a new distributed
three-phase model is proposed. Section 3 derives, by using
the time-space instantaneous symmetric components, the
HF Clarke model of the machine. Section 4 proposes a
numerical method of simulation. Finally, Section 5 presents
two practical cases which results are compared with those
that are present in literature.

2 The three−phase model
The problem of wave propagation in the windings of A.C.
electrical machines has received much attention in recent
years. Recent trends in power systems have imposed that
steep-fronted switching surges are often encountered in
many industrial applications that require the use of PWM
Voltage Source Inverter (PWM-VSI).
In particular, PWM-VSIs operate nowadays with Insulated
Gate Bipolar Transistors able to generate steep fronted
pulses at high switching frequencies, close to 20 KHz [1].
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Fig.1. The proposed three-phase model.

 equivalent resistance R, representing conductive and
skin-effect losses;
 stray capacitance respect to the ground (neglecting the
flux penetration in the iron core [2]).
According to the literature [2], mutual capacitances between
non-adjacent coils are neglected. It’s fundamental to
remember that results Cm << C; so many authors neglect the
Cm term.
Between the coils of the same winding mutual inductances
are present. In further studies we will consider them. In case
of form wound windings mutual inductances, taking into
account the shielding effect in the iron core due to high
frequencies [4], are negligible. On the contrary, in random
wound windings, mutual inductances, observing that coils
are very close, must be taken into account.
As it is shown in Fig. 1, some mutual parameters are present
between phase windings ( M′ , C′ ). They usually are not
taken into account. An exception is represented by
approximated lumped constants models present in literature.
We assume that this parameters are present only at the same
abscissa x.
Taking into account this coupling, it is useful to consider
the representation by voltage and current impressed
generators (see Fig. 2).
Expressed the model in phase-domain, by using Clarke
transformation, we obtain the following equations:
∂ 2uαβ ( x, t )
∂x 2

− ( L − M ′ )( C + 3C ′ )

+ ( L − M ′ ) Cm

Fig. 2. Representation of elementary coupling between phases.

Another cause of steep-fronted surges is due to overvoltages
caused by faults near the machine. Voltage and current
waves are present in this case also. They can cause
problems to the windings’ insulation.
Apart from the techniques used for the parameters
calculation, we propose a new three-phase model, useful for
studying the time-space dynamic of machine windings.
The Clarke transformation leads the three-phase model to an
equivalent complex one. In this way it is possible taking
into account a lot of circuital parameters as regards the
available models.
The proposed model is represented in Fig. 1; the following
circuital parameters are present:
 a self-inductance L, concerning every coil;
 a capacitance Cm between coil and coil;
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that are representing, in complex and zero-sequence
domain, the uncoupled models shown in Fig. 3.

3 The Simulation Model
3.1 The simulation of the Clarke model
In order to attempt the integration of the Clarke model
shown in the previous paragraph, we are proposing a
method of integration based on the theory of two ports.
At first, we notice that the model can be considered as
linear; if that is not the true for the total model, it is the true
for every single elementary cell; so it is possible to consider
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Fig. 3. Equivalent Clarke and zero-sequence network.

Fig. 4. The total model of simulation.

the total model as linear. This fact permits to use the
Laplace transform and also to work in the Laplace-Clarke
domain.
The elementary cell in this domain is described by the
sequent transmission notation:
⎡U pi ( x, s ) ⎤
⎡U ai ( x, s ) ⎤ ⎡T11i
⎢
⎥ = [Ti ] ⋅ ⎢
⎥=⎢
⎢⎣ I ai ( x, s ) ⎥⎦ ⎣T21i
⎢⎣ I pi ( x, s ) ⎥⎦

where

U αβ (x,s)

and

Iαβ (x,s)

T12i ⎤ ⎡U ai ( x, s ) ⎤
⎥
⎥⋅⎢
T22i ⎦ ⎢⎣ I ai ( x, s ) ⎥⎦

(3)

N

[To ] = ∏[Toi ] = [Toi ]N

(5)

i =1

are, respectively, the

Laplace-Clarke vectors of voltage The index i indicated the
order of the cell that is considered, and it is theoretically
equal to 1,…,∞, even if, in the reality, it is equal to 1,…,N,
where N is the order of the model, or rather the number of
the considered cells.
It is possible to calculate the total transmission matrix as:
N

[T ] = ∏[Ti ]

3.2 The simulation of the zero-sequence model
Doing the same passage shown in the previous paragraph,
we can easy obtain the simulation of the zero-sequence
model.
The total zero sequence model is characterized by the
sequent transmission matrix:

(4)

i =1

This representation corresponds to the total model of
simulation shown in Fig. 4.

3.3 The running of Clarke model
We will consider an asynchronous machine with isolated
star-centre. We suppose to know the voltage forcing applied
at the windings of the machine and its Laplace-Clarke
transform.
The first of this condition implies that the boundary
condition related to the N-port is:
U αβ (l , s ) = U αβ n = 0

(6)

where l is the windings’ length.
The knowledge of the applied forcing permits to express the
boundary condition related to the first port of the model. We
will suppose to know the Clarke vector uαβ (0, t ) , so we also

know the Laplace-Clarke vector U αβ (0, t ) = U αβ 1 p . In order
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to obtain the other boundary conditions related to the first
and final port, the program has to calculate the elements of
the admittances matrix of the system.
So, it is possible to calculate the resting boundary
conditions as:

⎡Y ( s ) Y12 ( s) ⎤ ⎡Uαβ 1 p (0, s ) ⎤
= ⎢ 11
⎥
⎥⋅⎢
⎣Y21 ( s ) Y22 ( s ) ⎦ ⎣⎢Uαβ Na (l , s) ⎦⎥

(7)

⎡U αβ 1 p (0, s ) ⎤ ⎡U αβ 2 p (l , s ) ⎤
⎡U αβ 1a (0, s ) ⎤
−1
⎥=⎢
⎥
⎢
⎥ = [Ti ( s )] ⋅ ⎢
⎢⎣ Iαβ 1 p (0, s ) ⎥⎦ ⎢⎣ Iαβ 2 pa (l , s ) ⎥⎦
⎢⎣ Iαβ 1a (0, s ) ⎥⎦

(8)

where Δx is the finite spatial step of iterance, which
substitute the infinitesimal spatial step dx.
Iterating the process, we will write an array containing the
values of the Laplace-Clarke vectors of voltage and current
through the Clarke equivalent wending for each elementary
cell and for a fixed time.
After that, we will increment the time with a finite time step
Δt, which substitutes the infinitesimal time step dt, and we
will newly run the precedent process, in order to obtain the
spatial distributions of voltage or current for the new instant
(t+Δt). The process must be continued until the time will
reach the instant tr of steady conditions.
Δt

y1 p (Δt , Δx )

…

y Na (Δt , N Δx )

y( N +1) a (Δt ,( N + 1)Δx )

2 Δt

y1 p (2Δt , Δx)

…

y Na (2Δt , N Δx)

y( N +1) a (2Δt ,( N + 1)Δx)

…

( M + 1) Δt

y1 p (iΔt , Δx)

…

y Na (iΔt , N Δx)

y( N +1) a (iΔt ,( N + 1)Δx)

y1 p (( M + 1)Δt , Δx )

…

y Na (( M + 1)Δt , N Δx)

y( N +1) a (( M + 1)Δt ,( N + 1) Δx)

Δx

…

N Δx

( N + 1)Δx

Fig.5. Matrix containing the values related to the spatial-temporal
distributions of voltage and current through the Clarke equivalent
winding.

Collecting the obtained results, we are able to construct the
matrix shown in Fig. 5 that is the representation of the
spatial-time distributions for voltage or current wave in the
Laplace-Clarke domain.

3.4 The running of the zero sequence model
The process is similar to the running of the Clarke model,
shown in the previous paragraph. The only difference is

(9)

It is necessary, in this case, to use the hybrid formulation,
that permits to calculate the others boundary conditions as:
⎡U oNa ⎤
⎡ I oNa ⎤ ⎡ K11o
⎢
⎥ = [Ko ] ⋅ ⎢
⎥=⎢
⎣ I o1 p ⎦
⎣U o1 p ⎦ ⎣ K 21o

Later, the program can calculate the quantity of the N−1
port as:

i Δt

about the boundary conditions written in the zero sequence
domain. For the initial port, we will suppose to know the
scalar zero sequence quantity uo(x,t); also, the condition
related to the final port become:
I o (l , s ) = I oNa = 0

⎡ Iαβ 1 p (0, s ) ⎤
⎡Uαβ 1 p (0, s) ⎤
⎢
⎥ = [Y ( s )] ⋅ ⎢
⎥=
⎣⎢ Iαβ Na (l , s) ⎦⎥
⎣⎢Uαβ Na (l , s ) ⎦⎥
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K12 o ⎤ ⎡ I oNa ⎤
⋅⎢
⎥
K 22 o ⎥⎦ ⎣U o1 p ⎦

(10)

After this calculus, the process is equal to the process in the
Clarke domain. Is necessary to observe that the calculus is
faster than the calculus in Clarke domain, because the zero
sequence matrixes are composed of real terms and are not
composed by complex terms.

3.5 The inverse transform of the results
After the simulations shown in the previous paragraphs, we
have four matrix with dimension M×N (where
M=int{tr/Δx}), containing all of the results. The inverse
Clarke transformation has the purpose to obtain the spatialtime distributions in the original phase-domain.
The related inverse transformations, in number of 2·N·M,
must be improved between the correspondent elements of
the obtained matrixes.

5 Two applications
5.1 Application of unitary-step-voltage-source
We implemented the Laplace-Clarke model in MatLab
environment, using the Symbolic Toolbox and a code
written ad hoc. We considered the application of an unitary
step at one of the machine’s windings, which parameters are
derived from [3].
In order to simplify the simulation model and to obtain a
smaller simulation time, we decided to neglect the term Cm,
according with [4], and to consider constant all the
parameters [2]. According to this observation and to Clarke
theory. a discrete solution is achieved. The finer the
descritisation, the more continuous the waveform becomes,
but the heavier is the demand on computer time and storage.
So, we obtained the result reported in Fig. 6. The discrete
nature of the solution is evident, with the computer inserting
straight-line sections in between the solution points.
From this graphs, it is possible to observe that real and
imaginary part of Clarke vector of voltage wave is null for
each value of time t and longitudinal coordinate x,
according to Clarke theory. Moreover, we saw a qualitative
concordance between the obtained results and the results
already present in literature [6].
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(a)

(b)

(c)

(d)
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Fig. 6. Result of simulation of the machine subject to a stator-discontinuity of voltage composed of three unitary-step of voltage. Real part of the Clarke
vector of voltage wave (a), imaginary part of the same vector (b), zero-sequence voltage wave (c) and a-phase voltage wave (d).

(a)

(b)

Fig. 7. Results obtained applying a standard IEEE surge wave to the proposed model [5]; a-phase voltage winding (a) and voltage between the coils of
the same winding (b).

The concordance can’t be quantitative due to the hypothesis
of simplification that we have done in order to obtain a soft
simulation model. In particular, it is possible to observe that
the voltage waves along the stator windings reach, at the
end of the winding, amplitudes of about 10 pu, but these
values didn’t be acceptable for the machine’s windings.
This error must be necessarily acceptable in an initial study,

but could be improved on in a future by other studies.
The necessary changes in the model of simulation are now
in hand, and further results will be reported in a later paper.
5.2 Application of standard IEEE wave
The performance of three windings of the machine
subjected to the standard IEEE wave (as provided by IEEE
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Std 522™, “IEEE Guide for Testing Turn Insulation of
Form-Wound Stator Coils for Alternating-Current Electric
Machine” [5]) is studied. The obtained results are presented
in Fig. 7.
Using the same simulation model, we obtain the wave shape
regarding voltages applied between close coils of the aphase.
The presence of mutual couplings between phases (Fig. 7-a)
causes a reduction of voltage waves amplitude, unlike the
precedent simulation.
The shape waves of voltages between adjacent coils present
two peaks of amplitude, according to the observations of
other authors [6]. These peaks are due to electromagnetic
discontinuity located in the line terminal and in the end of
the winding.

Conclusions
The proposed model result useful not only for EMC studies
related to asynchronous drive, but also for windings
insulation project.
The use of Clarke transformation enables to consider a
distributed constants models of the three-phase stator
windings, inclusive of electromagnetic mutual couplings.
The proposed simulation method makes possible a fast
integration of comprehensive model that required low
computational cost.
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