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Investigating The Shock Wave of Trafc Flow On the Highway
in A Class of Discontinuous Functions
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Abstract: In this paper, a method for obtaining an exact solution of the Cauchy problem for a rst order partial
differential equation which describes the trafc ow on highway is suggested. At rst, a special auxiliary problem
having some advantages over the main problem has been proposed and using the advantages of the auxiliary
problem an original method for obtaining the weak solution of the main problem has been suggested.
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1

Introduction

In order to investigate the dynamical structure of the

It is known that many problems of science and tech-

solution of (2) we give the following inital condition

niques have been reduced to nd the solution of initial

ρ(x, t) = ρ0 (x).

or initial-boundary problems for rst order nonlinear
partial differential equations [9],[10].

(3)

The problem (2), (3) is called as the main problem.

The trafc ow problem on highways is one of

Here

ρ0 (x) is a given function and may be continuous

the above mentioned important problems. Using the

with support function having both negative and posi-

kinematical theory of wave this problem has been pre-

tive slopes or a piecewise continuous function. From

sented for the rst time in [3],[8]. The mathematical

the physical point of view it must be

theory in detail has been investigated in [1],[5].

That is

By

ρ(x, t)

we denote the density of vehicles per

q(x, t) is the ux funcx section of the highway at per unit of

Q(ρ) is a concave function.

Q00 (ρ) < 0 .
0
The speed Q (ρ)

of trafc ow wave is less than the speed of the vehi-

unit length of highway, and

cles in the trafc and the wave moving towards the op-

tion of posing

posite direction of the trafc ow informs the drivers

time t, respectively. If we assume that there will be no

about the happenings and situation of the trafc ahead.

vehicle joining to or leaving from the high way, the

In order to investigate the dynamical nature of the traf-

following balance equation

c ow at rst the equation (2) is investigated within
following

Z
d x2

dt

x1

ρ(x, t)dx + q(x1 , t) − q(x2 , t) = 0

(1)

holds. As the rst approach, in trafc ow problem

q(x, t) is expressed by the local density ρ(x, t) as q = Q(ρ) = ρV (ρ).
If the functions ρ(x, t) and Q(ρ) are continuously
the ux function

differentiable then, the equation (1) is equivalent to

∂ρ(x, t) ∂Q(ρ(x, t))
+
= 0.
∂t
∂x

initial condition. Here,

ρl , x < 0
ρr , x > 0

(4)

ρl and ρr are known constants.

The problem (2), (4) is called the Riemann problem.
There are two cases: (i)

ρl > ρr , (ii) ρl < ρr .

Since Q(ρ) is a concave function, according to the
general theory when

ρl < ρr

the solution of the prob-

lem (2), (4) has the points of discontinuity of which
(2)

the location is not known beforehand and for this solution the entropy condition satises too.

We denote that in practical problems it is important to know the functional relation between

ρ(x, 0) =

(

Q and ρ.

when

ρl > ρr ,

However,

in the solution the shock does not oc-

cur, but the rst derivatives are rst type discontinuous
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[2], [4], [6]. It is clear that the classical solution for
both cases does not exist. But, the weak solution of
the problem is dened as
initial condition (3) function

ρ(x, t)

is called a weak

solution of the problem (2),(3) if the following integral

Z

lows

Q(ρ) is dened as folvm and ρm are the

ρ
ρm )ρ, here

Q(ρ) = vm (1 −

maximum values of the speed of vehicles and density,
respectively.
With reference to [6] and [7] for

DT

+

In order to show the dynamical structure of the
trafc ow the ux function

Deniton 1. The nonnegative and satisfying the

relation

ξ = x − Q0 (ρ)t, (see, [6],[7],[10]).

here

{ρϕt + Q(ρ)ϕx } dxdt

Z ∞

v(x, t) = −

ϕ(x, 0)ρ0 (x)dx = 0

(5)

−∞

holds for every test functions ϕ(x, t) and ϕ(x, T ) =
0, and DT = {−∞ < x < ∞, D ≤ t < T }.

The weak solution in the meaning of (5) of the

problem (2),(3) consists of two parts; the continuous
and shock part. The continuous differentiable part satises the equation (2) and the discontinuous part satises Rankino- Hugoniot condition [2],[4],[9],[10].
In this paper a new method for obtaining the weak
solution of the problem (2),(3) is suggested.

v(x, t) we have

vm 2
ρ (x, t)t + v0 (ξ).
ρm

(11)

By simple calculations and Theorem 1 for the function

ρ(x, t) we have the following
ρ(x, t) =

















x
t

ρl ,
m x
− ρvm
2t +

ρm
2 ,

vm (1 −

< vm (1 −

2
ρm )ρl
x
t

ρr ,

<

x
t

2
ρm )ρl ,

< vm (1 −

> vm (1 −

2
ρm )ρr ,

2
ρm )ρr
(12)

expression.

2

Auxiliary Problem and Exact Solution

Now, we consider the case

ρl > ρr

, in this case

the solution of the auxiliary problem has the following

In order to nd the weak solution of the problem

v(x, t) =

(2),(3) the following auxiliary problem according to

(

v− , ξ < 0
v+ , ξ > 0

(13)

[6],[7]



∂v(x, t)
∂v(x, t)
+Q
∂t
∂x



form. Here,

= 0,

v(x, 0) = v0 (x)
is introduced. Here the function

(6)

ρ2 t + ρl [x − Q0 (ρl )]t
v− = − ρvm
m l

(7)

=−

v0 (x) is any solution

of

dv0 (x)
= ρ0 (x).
(8)
dx
Theorem 1. If v(x, t) is the soft solution of the
problem of (6),(7) then the function ρ(x, t) obtained
by







vm
2ρr
v+ = − ρ2r t + ρr x − vm 1 −
ρm
ρm

t;



(14)

t.

(15)

v(x, t) from v− to v+
v− = v+ . From this equation

It is clear that the shock of
must be found through
we have

∂v(x, t)
ρ(x, t) =
∂x





vm 2
2ρl
ρ t + ρl x − vm 1 −
ρm l
ρm

x
vm
= vm −
(ρr + ρl ) ≡ S,
t
ρm

(9)

(16)

is a weak solution of the problem (2),(3) in the meaning of (5).

that

The solution of the problem (6),(7) obtained by
characteristic method is



dv0 (ξ)
−Q
dξ

expression

is

the

solution

of

dx
dt

=

Q(ρr )−Q(ρl )
which is known as Rankine-Hugoniot
ρr −ρl

condition.

Taking Theorem 1 into account and (13) for the

v(x, t) =


this



+







dv0
dv0
Q0
dξ
dξ



weak solution of the problem (2), (4) we get the fol-

t + v0 (ξ),
(10)

lowing

ρ(x, t) =

(

ρl ,
ρr ,

x
t
x
t

<S
>S

(17)
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expression.

[5] Prigogine, I, Herman, R. Kinetic Theory of Ve-

Now, we assume that the function
tinuous and

suppρ0 (x) ⊂ (−l, l).

ρ0 (x)

Since the equa-

tion (2) expresses the conservation law

Rl

−l

is con-

E(t) =

ρ(x, t)dx = const and this integral relation must

be conserved for both continuous and piecewise continuous functions.
Denition 3. The number

E(0) is called the criti-

cal number of the function of the problem (2), (3).
Denition 4. The function dened by the following expression

=

Cauchy Problem for a First Order Nonlinear
Equation of Hyperbolic Type with a Smooth
Initial Condition, Soviet Math. Dok. 43, No.1,
1991.
[7] Rasulov, M.A. Finite Difference Scheme for

Functions, Baku, 1996.

− ρvm
ρ2 (x, t)t + v0 (ξ), v(x, t) < E(0)
m
E(0),
v > E(0)

[8] Richards, P.I. Shock Waves on the Highway.
Oper. Res. 4, pp.42-51, 1956.

is called the extended solution of the auxiliary problem.
In accordance with the Theorem 1 for the weak
solution of the main problem we have

ρext (x, t) =

∂vext (x,t)
.
∂x

[9] Smoller, J.A. Shock Wave and Reaction Diffusion Equations, Springer-Verlag, New York Inc.,
1983.
[10] Whitham, G.B. Linear and Nonlinear Waves,
Wiley Int., New York, 1974.

Conclusion

In this paper a new method for obtaining the weak solution of the Cauchy problem for the rst order nonlinear partial equation in a class of discontinuous function is suggested.

By using this suggested method,

it leads to obtaining and investigating a global solution for the Rieamann problem of the trafc ow on
highways.

[6] Rasulov, M.A. On a Method of Solving the

ematical Physics in a Class of Discontinuous

(18)

3

1971.

Solving of Some Nonlinear Problems of Math-

vext (x, t)
(

hicular Trafc. American Elsevier, New-York

Nevertheless, it gives ample opportunity

to construct higher order numerical schemes for rst
order nonlinear partial differential equations.
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