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Abstract: This paper describes a finite element model for the solution of one-dimensional unsteady flow in pipenetworks as well as a simulation scheme for air pressurized fluid tanks. These models can be used to simulate water
consumption in airplanes, but are also applicable to other fields of interest, e.g. the calculation of pressure surges in tall
buildings, in industrial plants or in urban water supply networks. With the presented finite element procedure, the
system of nonlinear differential equations can be solved. Using an adaptive time-step control unsteady pipe flow can be
simulated with a high resolution and a very high accuracy in short calculation time. Numerical results are compared to
results of laboratory measurements.
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1 Introduction
By amending the drinking water regulations all water
supply systems in public transport systems like airplanes
have to provide drinking water in the future. For this
reason airlines have great interest in disinfection
modules that can be installed in aircrafts. In addition to
the development of an effective water disinfection,
general
investigations
for
the
constructional
improvement of existing water systems are necessary.
For this reason the development of an efficient
innovative application of pressure supply is demanded.
Today's water systems in airplanes are supplied with
pressure through a combination of engine bleed air and
additional compressed air. During flight pressure is
supplied mainly by bleed air while the compressors are
used on the ground and on demand for supporting the
pressure supply of bleed air. This technology has some
disadvantages. To conduct bleed air from the engines to
the water tank requires a complex system of pipelines
and control valves. The valves have to reduce the
pressure and if necessary they have to activate the
compressors. Besides, the system must work in a broad
spectrum of temperature. Experience shows that the
necessary devices cause problems affecting the
reliability of the pressure system.
A dynamically adaptable compressor system can replace
the complex bleed air based pressure systems in future.
A simplified structure is more favorable and more
reliable, however at present it is not yet state of the art in
aircraft construction.
In addition to the development of an innovative pressure
system experimental investigations for the performance
of different compressors as well as investigation of
interaction effects between the subsystems pressure
supply, water storage and water supply are necessary.

For the simulation of the dynamic interaction processes a
numerical model was developed. In this model the onedimensional NAVIER-STOKES-Equation applied to pipes
is coupled with the gas dynamics of the pressure system.
Thus, switching cycles of the compressors as well as the
variation of the pressure in the system can be simulated
very fast. With the numeric tool the water supply system
as well as the control of the pressure supply can be
optimized.

2 Numerical model for the pipe net
2.1 Governing differential equations
The basis for the computation of one-dimensional flow
in pressure pipelines is a differential equation system,
which consists of the momentum and the continuity
equation:
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where Q = discharge; g = acceleration of gravity; p =
pressure; z = coordinate of height; SF = friction slope; ρ =
density; a = velocity of the pressure wave; x = coordinate
axis along the pipe; t = time.
The friction slope SF can be determined according to
DARCY-WEISBACH with the following expression:
SF =

λ QQ
d A²2g
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2.2 Consideration of friction loss

For the calculation of the friction coefficient λ an
equation is used that was developed by ZANKE:
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where α = weighing function; Re = Reynolds number; ks
= equivalent sand roughness; d = pipe diameter.
The explicit calculation of the friction coefficient as well
as to have a continuously differentiable function for both
laminar and turbulent flow conditions are advantages of
equation (3).
Computations with this quasi-steady friction term
however show only satisfying results for slow changes
of the system-variables, for which the wall shear stress
exhibits a quasi-steady behavior. Experiments showed
that rapid changes result in larger discrepancies between
measured and simulated parameters due to the steady or
quasi-steady friction-coefficient.
Since many years researchers developed approaches for
an unsteady friction factor. ZIELKE analytically found a
term for laminar flow conditions. The friction term is
related to the instantaneous mean flow velocity and to
weighted past velocity changes.
BRUNONE developed a model, which relates the
unsteady part of the friction coefficient to the
instantaneous local acceleration ∂ v/ ∂ t and to the
instantaneous convective acceleration ∂ v/ ∂ x. The
original model however exhibited weak points, since it
failed to predict the correct sign of the convective term
for particular flow and wave directions in acceleration
and deceleration phases. The corrected formula is:
λ unsteady = λ steady +
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For the simulation of unsteady pipe flow the method of
finite elements is used. The pressure pK,i and the
discharge QK,i at every node are the variables to be
determined. The system of differential equations can be
applied on single pipelines for one-dimensional flow. At
junctions a discontinuity of the discharge is encountered
that cannot be calculated by one-dimensional finite
elements. A solution is found by the use of algebraic
equation for junctions as well as for all special elements
of the pipe-network, e.g. for pumps, valves, tanks etc.
Another characteristic of the differential equation is the
non-linearity of the momentum equation. For this reason
the solution of the finite element formulation of the
resulting set of equations is received with the iterative
NEWTON-RAPHSON-procedure, which can be
represented in the following form:
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where fi,n = finite element formulation of the differential
and algebraic equations for each node; xi,n+1 = solution of
the variables for the next iteration step.
Advantages of the method of finite elements are the
possibility to adjust the time-step and the element size.
In combination with an adaptive time-step-control, a
high accuracy of the solution is achieved and it is
possible to simulate the interaction of the water system
during a flight in very short calculation time.

(4)

where k = BRUNONE friction coefficient.
Equation (4) is transformed to a flow equation by
substituting Q = vA , thus it can be written in the
following way:

 A ∂Q − Q ∂A
2kd  ∂t
∂t
+

∂Q
∂A
QQ 
−Q
 +a ⋅ sgn ( Q ) ⋅ A
∂x
∂x


2.3 Solving the differential equations with the
method of finite elements
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2.4 Finite element formulation for the
differential equations and their derivatives
This model uses a formulation based on the method of
weighted residuals. In this method the differential
equations are applied in integral notation. The shape
functions Nn of the finite element approximation are
used as the weighing parameters NW. The contribution of
a single element of length L can be defined as:
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In order to solve the equation system with the
NEWTON-RAPHSON-procedure, equation (7) and (8)
have to be differentiated to pressure and discharge at all
nodes n.
With the relations:
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For the time integration scheme a finite difference
expression is used:
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where θ = relaxation coefficient ( 1 ≤ θ ≤ 2 ).
From this expression the following equations result
which are used to calculate the derivatives of the finite
element formulation:
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The extreme complexity of equation 7, 8 and 12 to 15
makes an exact integration impossible. Therefore, the
integrals are solved by numerical integration, e.g. by
GAUSS-LEGENDRE integration.

3 Numerical model for pressurized
water tanks
This mathematical model is able to simulate the
pressurization process in tanks during flight and on
ground. Fig. 1 shows the assumed system architecture.
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Fig. 1: Simplified form of the architecture of the
pressurization subsystem
For the simulation the performance of the compressors
and the pressure loss at the air-filters are boundary
conditions. It is assumed that the pressurization process
is isothermic.
The General Law of Gases is applicable and the time
derivative of this law is:
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where p = air pressure and ρ = air density.
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The total volume of the tank is constant and given by
VT = VW + V . The time derivative of this equation is:
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where V = air volume; VW = volume of the fluid; VT =
volume of the tank.
The air mass is given by m = ρV , so that the time
derivative is expressed by:
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The mass flow depends on the performance of the
compressors and on their steering (switch on/off) points.
These equations constitute a linear equation system with
the following unknowns ∂p ∂t , ∂ρ ∂t and ∂V ∂t that
can be solved by numerical integration. The variables
pressure p and flow QW depend on the consumption and
therefore interact with the numerical model of the pipenet.

of 1 bar, the valve is opened after 0.5 seconds and closed
again after another 0.5 seconds.
The calculated discharge (Fig. 3) is almost identical with
the measured data. The small difference at the closure of
the valve is due to an internal delay of the flow meter.
When the valve is opened the pressure changes until
after some time steady flow conditions have developed.
After rapid closure of the valve a transient event is
initiated and the water hammer wave travels between the
closed valve and the tank.
Computational results of the pressure decrease after the
opening as well as the increase of the pressure after rapid
closure of the valve agree to the measured values.
Differences arise after the first pressure wave is reflected
at the valve (Fig. 4). Since the pressure cannot be lower
than the vapor pressure of the liquid, cavitation will
occur. Therefore the reflection of the pressure wave is
disturbed in a way that cannot be accurately simulated
with a one-dimensional flow model. For most transient
analysis the height of the initial pressure wave is most
important. Therefore the computational model shows
good results by comparing to measured data.
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4.1 Pressure surges
The differential equation system is used to calculate
pressure surges in pipe-networks. Pressure surges arise
for example after fast closing or opening of valves as
well as switching on or off pumps. The reason is the
mass inertia of the fluid.
For comparing the numerical results, an experimental
apparatus for investigating water hammer was
constructed (Fig. 2). A straight 15.05 m long steel pipe
of 17.3 mm internal diameter and 1.9 mm wall thickness
was connected to a 370 l pressurized water-tank.
The valve belongs to an aircraft toilet and has a closure
time of 0.03 seconds.
The pressure and the discharge were recorded with a
frequency of 333 Hz.
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Fig. 3: Comparison of measured and calculated
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Fig. 2: Architecture of the experimental apparatus
Several water hammer experiments were run to compare
numerical and measured results. Starting with a pressure
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Fig. 4: Comparison of measured and calculated pressure
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Without cavitational effects, the reflection of the
pressure wave can also be accurately simulated (Fig. 5).
For this test measured data from BERGANT ET AL. was
compared to the simulation.
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Fig. 6: Tank pressure, cabin pressure and consumption
during a simulated flight
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In order to demonstrate the pressurization process in an
aircraft tank, a simulation was done for a 12 hours flight.
For this example a 500 l tank containing 400 l water was
assumed.
The cabin pressure varies from 550 Pa (8.0 psia) at the
starting point (e.g. at La Paz) over 760 Pa (11.0 psia)
cabin pressure during the flight to 1000 Pa (14.5 psia) at
the destination airport.
During the first minutes of the flight the tank is
pressurized up to 40 psig which is the limit of the first
compressor when it will switch off. If the pressure
decreases beneath 34 psig it will switch on again. The
working range of the second compressor is 32 to 38 psig.
Four times water is withdrawn from the tank. The
pressure decreases until one of the two compressors will
switch on.
The tank pressure, the cabin pressure and the
consumption are displayed in Fig. 6, the according water
volume in the tank and the numbers of active
compressors are presented in Fig. 7.
With the presented simulation tool it is possible to
optimize the activation of the compressors in
dependency of the air pressure, the switching range, the
consumption and the volume of the water tank.
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Fig. 7: Number of active compressors and water volume
in tank during a simulated flight

5. Convergence and stability
The numerical solution with the finite element method
should satisfy convergence and stability criteria.
Convergence relates to the behavior of the solution when
∆t and ∆x tent to zero while stability is concerned with
round-off error growth.
The convergence of the presented model was examined
for a number of different ∆t and ∆x sizes. The influence
of the element length ∆x is less important than the
influence of the time step ∆t, especially for highly
unsteady processes.
The method showed high accuracy and convergence as
well as a numerically stable behavior.

6. Conclusion
With the presented numerical methods it is possible to
simulate unsteady pipe flow with a high resolution and a
very satisfying accuracy in short calculation time. The
adaptive time-step-control allows to simulate flights of

several hours whereas transients are accurately
reproduced using an unsteady friction factor.
Thus, the water consumption in airplanes can be
simulated particularly close-to-reality, whereby a
suitable and reliable solution for the pressure supply is
expected for aviation water systems. The simulation of
unsteady pipe flow in dependency of the pressurization
of the tank allows to optimize the activation process of
the compressors.
In addition, the numerical model can be applied to other
applications, for example calculation of pressure surges
in tall buildings or industrial plants with expanded and
strongly meshed fluid supply networks as well as
calculation of pressure and flow distribution in urban
water supply networks.
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