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Abstiact: - This paperpresentsa numericalstudy of the behaior of steadygeneralizedNewtonianflows with
sheatthinning viscosityin a curved pipe. Finite elementsimulationsshav in particularthat, for sufficiently
smallcunatureratio andwithin a certainrangeof viscosityparameterghe secondarngtreamlinesotateandthe

flow field losessymmetry
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1 Intr oduction

Steadyfully developedviscousflows in curved pipes
of circular, elliptical andannularcross-sectionf both
Newtonianandnon-Nevtonianfluids, have beerstud-
iedtheoreticallyby severalauthorgseee.qg.[9], [11],
[13], [14], [15], [16], [17]) following the fundamen-
tal work of Dean([7], [8]) for circular cross-section
pipes. Using regular perturbationmethodsaround
thecurvatureratio, Deanobtainedanalyticalsolutions
in the caseof Newtonianfluids. Theseresultshave
beenextendedor alargerrangeof cunatureratioand
Reynoldsnumbershaving theexistenceof additional
pairsof vorticesandmultiple solutions(seee.g. [18]
and[6]).

Flowsin curvedpipesareconsiderablynorecomplex
thanflowsin straightpipes.In additionto theuniaxial
flow, asecondarynotionis drivenoutwarddueto cen-
trifugal effects,forming a pair of symmetricvortices.
Thisresultsin asymmetricalvall stressesvith higher
shearandlow pressurgegions(seee.g. [2], [16] and
[12)).

Thegreatinterestin the studyof curved pipeflows is
dueto its wide rangeof applicationsin engineering
(e. g. hydraulicpipesystemselatedto corrosionfail-
ure) andin biofluid dynamics,suchasblood flow in
small sizevesselsvherethe viscosity sheasthinning
behaior shouldnot be neglected(seee. g. [4] and
[5]). Numericalstudiesof velocity, pressureandwall
shearstresddistribution alongthe cuned vesselmay
helpto provide someunderstanding@f the genesisof

atherosclerosignd other arterial lesions(seee. g.
[10] andreferencegitedtherein).

Theaimof thispaperisto presenanumericaktudyof
thebehaior of steadyfully developedflows of shear
thinninggeneralizedNewtonianfluidsin curvedpipes
with circularcross-sectiomndarbitrarycunaturera-
tio, for a prescribedoressuregradient. In particular
the numericalresultsshav interestingsheaithinning
viscosityeffects: for sufficiently smallcurvatureratio
andfor certainviscosity parameteranges,the flow
field is quite comple, shaving a rotationof the sec-
ondarystreamlinesndalossof symmetryof theflow
field. Strongeiinertial effectsseemo deformthepair
of vorticesandrotatethe flow in an oppositedirec-
tion.

Thesecomplex phenomenaneedto be further ana-
lyzedfrom thetheoreticalpoint of view. Thiswill be
the objectof aforthcomingpaper

2 Governing equations

We considersteadyisothermalflows of incompress-
ible generalizedNewtonianfluids with sheardepen-
dentviscosity (of Carreau-ésudatype)in a curved

pipe) C R? with boundaryds). For thesefluids, the

extra-stressensoris relatedio thekinematicvariables
through

T =2(n* +n**(1 + |Dul*)?) Du, (1)
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whereu is the velocity field, Du = 1(Vu + Vu?)

denoteshe symmetricpart of the velocity gradient,
q is arealnumbey n* andn** arenon-ngatie real
numberssatisfyingn* 4+ n** > 0. The Cauchystress

tensoris givenby T = —pI + 7, wherep represents

the pressure. The equationsof conseration of mo-

mentumandmassholdin thedomain{?,
pu-Vu+Vp=V.-T1, V-u=0,

wherep > 0 is the (constant)density of the fluid.

We considethedimensionles$orm of this systemby
introducingthefollowing quantities

_ Ut _a L
) t_fa u_ﬁa

P= o

st

Tr=

wherethesymbol™ is attachedo dimensionaparam-
eters(L representareferencdengthandU acharac-

teristicvelocity of theflow). Wealsosety = =,

and introducethe Reynolds numberRe = %

Thedimensionelessystentakestheform
Reu-Vu+Vp=V-17, V-u=0, (2)

with adimensionakxtra stresstensorgiven by = =

2(1 —n+n(1+ |Dul*)?) Du. This systemis sup-
plementedwith a Dirichlet homogeneoud®oundary
condition

u=0 on of. (3)

3 Formulation in polar toroidal co-
ordinates

Sincewe areconcernedvith steadyflowsin acuned
pipewith circularcross-sectiorit is morecornvenient

(O=LF

Figure 1: A segment of curved pipe with centerline
radius R and cross-sectional radius rg.

to usethepolartoroidalcoordinatesystemijn thevari-

ables(r, 6, 3), definedwith respecto therectangular
cartesiarcoordinatesz, y, z) throughtherelations

Z = (R+ 7 cosb) cos %,

7= (R+T7cosb) sin}%, Z = Tsinb,

With 0 < 79 < R, 0 < 6 < 27 and0 < § < 7R.
Introducingthe axial variableandthe pipe curvature
ratio

— — To
S = s (S—F,

S et

we seethatthe correspondingnon-dimensionatoor
dinatesystemis givenby

z = (} 4 rcos ) cos(s6),

y = (3 + rcos ) sin(sé), z =rsin,

with ¢ < 1,0 < 0 < 27 and0 < s < 5. Letusnow
formulateproblem(2) in this new coordinatesystem.
To simplify the notationwe set

B =rdsinb, B2 = Ba2(r,0) = rdcosb,

B =p(r,0) =1+ rdcosd.

We considerfully developedflows. The components
of thevelocity areindependentf thevariables, i.e.

du

ads

ow

S

= = 0. (4)

Consequentlyheaxialcomponenbf thepressurgra-
dientis a constant;

S

=-p". (5)

Takinginto account(4)-(5) andusingstandardargu-
ments,we rewrite problem(2) in the toroidal coordi-
nates(r, 8, s). This problemis definedin the (bidi-
mensionalset

2={(r0) eR|0<r<1,0<0<2r},
andreadsasfollows
Find (u = (u, v, w), p) solutionof
( —(V-T—Reu®u))r+g—f:(),
—(V-T—Reu®u))9+%a—gzo,

4 —(V.T—Reu®u))s+%20, (6)

2 (rpu) + & (Bv) =0,

[ Yo = 0,
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where
du v w
or or or
_ 10u _ v 10v ; u 10w
Vu=| ;507 rastr 709 ;
_B2 B B2, _ B1
rﬂw rﬂw rﬂu rﬂv

andwhereV - o is givenby
rf (V : 0')7. = % (7'60'7'7‘) + % (60-7‘9) + % (TUT«S’)

—Br0oss — Bogy,

rB(V-0)y =2 (rBos) + £ (Bogg) + £ (rogs)
+p105s + Borg,

rB(V o), = L& (rBow) + 55 (Bow) + 55 (ross)
—Brogs + B20rs.

4 Numerical approximation

Finiteelementethodsreusedto obtainapproximate
solutionsto system(6). Thealgorithmwe considerto
solve the problemis basedon Newton's method,the
non-linearpart being explicitely calculatedat each
iterationstep. In orderto studythe effect of the non-
constanwiscosity we comparethe qualitative beha-
ior of the axial velocity, the streamfunction andthe
wall shearstressof both Newtonianandgeneralized
Newtonianfluids. Calculationsvereachievedfor dif-
ferentvaluesof the parametersnvolved in the gov-
erningequationgtheReynoldsnumberRe, thecurva-
tureratio §, the non-dimensionabiscosityparameter
n andtheexponenty appearindn the power-law type
viscosity). A continuationmethodis carriedout to
implementthesedifferenttests.

Whenthe Reynolds numberis setto zero (creeping
flows), thereis nosecondarynotionandnowall shear
stressindasexpectel, thesolutionis of Poiseltile type

in both cases. The contoursof the axial velocity w

arecircles,centeredaboutthe centralaxisin the case
of a small cunature and are shifted away from the

centerwhend increasesTheonly differencebetween
the Newtonian and generalizedNewtonian flows is

relatedto the maximal value achiezed by w, which

increasewith |g|, beforestabilizingfor somevalue
of this parameter

4.1 Inertial Newtonian flows

If Re # 0, it is well known thata "slight curvature”
of thepipeaxisinducescentrifugalforcesonthefluid
which forms a secondanflow. A pair of symmetric
vorticesis thensuperposetb theaxial Poiseuilleflow,

¥

¥

Figure 2: Streamlines and wall shear stress for New-
tonian flows (Re = 70).

and strengtherwhen Re increases. The effect of
the cunatureratio is similar to the caseof creeping
flows. In Figures2, we plot thecontoursof thestream
functionandthewall sheaistresgor Re=70, 6=0.001,
and§=0.1. As canbe obsered, the contoursof the
streamfunctionshaw ashift from thecenteiin thelast
case.Thebehaior of thewall sheasstresssidentical.
The only differenceis relatedto the amplitudewhich
clearly dependson the Reynoldsnumberandon the
cunatureratio.

4.2 Shearthinning flows

Inertial generalizedNewtonianflows are more com-

plex. The contoursof the streamfunction,aswell as
thewall shearstressvary with respecto the parame-
tersn andq, appearingn thedefinitionof theviscosity
function, andwith respecto the ReynoldsRe. Be-

causef thehighly non-lineamatureof themodel,the

interactionbetweerthe correspondingerms,namely
the corvective andthe viscosityterms,is difficult to

handle.

We first considerthe caseof a "slightly curved" pipe
(6=0.001). Fixing Re, we increasethe parametem

(togetherwith |g|) in orderto studythe effect of the
viscosity As canbe seenin Tables2-3, the flow

seemsto behae in threedifferentways, depending
onthevalueof theviscosityparametemamelyfor 7

taking valuesin the sub-interals [0, 0.4[, [0.4, 0.6]

and[0.6, 1].

Table1 shavs the maximumvalue gy, ., obtainedfor
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eachone of the casesconsidered.For a fixed n, we
have globallythesameangeof valuesjndependently
of the Reynoldsnumber For n € [0, 0.4], gmax iS @
constant. For n = 0.4 andn = 0.5, the maximum
valueincreasesvith Re, while it decreasefor 7 tak-
ing thevalues0.6, 0.7 and0.9. As we shallseebelaw,

n] Jo1]o02]04]05[06]0.7]09]
Re| 1 [725]725] 6.7 [50]34[1.8]0.6
15| 725|725 (252159 (29|1.7|0.6
30| 72.5 | 72.5(24.3 59251406
50 | 72.5 | 72.5(28.3|5.9(24(1.2|0.6
70 | 72.5 | 72.5(31.6 |5.8(21]1.2|0.5

Table 1: Maximum values for |q|.

oneof the surprisingeffectsof the non-constantis-

cosity on the secondanyflows, verifiable at leastfor

smallcurvatureratios,is the rotationof the contours.
Table 2 dealswith the global behaior of thesecon-
toursfor differentvaluesof theparanetes. NotationS

andL referrespectiely to symmetricandleft-rotating
contourswhile L-S refersto contourghatrotateto the
left andthento theright, beforestabilizingin a sym-
metricway.

[»n] ]01]02]04]05][06]0.7][0.9]
Re| 1] SJLS[L|]L[]L]ST]S
15| S |[LS|{LS| L |L|S|S
30| S |LS|LS| L |S|S|S
50| S |LS|LS|S|S|S|S
70| S |LS|LS|S|S|S|S

Table 2: Qualitative behavior of the contours.

n] ]01]02]04]05][06][0.7]0.9)]
Re| 1] —]19]6.0[40][29] — | —
15| — | 19604028 — | —
30 — [ 196042 — | — | —
50 — [ 1960 — | — | — | —
0 — 119160 — | — | — | —

Table 3: Values for |qyq,| initiating the rotation.

Table3 presentshe valuesof |g,.,| correspondingo
theviscosityexponenthatinitiatestherotation(when
it occurs).It is clearthatq,,,, decreaseasy increases.
Moreover, for n fixed, this exponentis constantand
independenof the valuesof the Reynoldsnumber

For n=0.1, the contoursare still symmetricand the
qualitatve behaior is of Newtoniantype. The only
differencelies in the valuesof the streamfunction,

whichincreasén absolutevaluewith the exponenty
andwith Re, while the axial velocity is constant.

For n=0.2 (respectiely n=0.3 and 0.4), interesting
phenomenaanbe obsered. Initially, the behaior
is identicalto the previous case but as|q| increases,
we obsere a variationin the shapeof the vortices,
theirdisplacemento thecore theconcentratiomf the
contoursandthereductionof theglobalsurfacein this
region. Forq = g,q,=—19 (respectiely g,.-=—9 and
guar=—0), the contoursinitiate a counterclockwise
rotation,augmentingwith |g|. At somelevel, a sta-
bilization can be noticed, followed by a clockwise
rotationwheretheinversephenomenonccurs:weak-
eningof thecontourdn thecoreregion, distancement
of thevorticesanddecreasin@f the angleof rotation
till the recovery of the symmetry(seeFigures3-4).
Let us alsoobsere thatevenif the rotationinitiates
at the sameexponentindependenthof the Reynolds
number the inertial forcesseemto opposeresistance
andclearly affect the maximumangleof rotation.

(a) g=—6.5 (b) ¢=-T7
0.0314 0.0314
0.02 0. 02|
0.01 0.01
s Z 3 2 ‘ s 7 3 2
-0.01 2 2 -0.01 2 2
-0.02 -0.02
-0.0306 -0.0306
(c) g=—65 (d) =7
Figure 3: Streamlines and wall shear stress for

Re=30 and n=0.4.

Parallel variationsin the behaior of the wall shear
stresscan be obsered. Initially, the behaior is of
Newtoniantype,with symmetriegelatively tothehor
izontal axis andto thevertical axis §==, andwith the
wall shearstressvanishingat =0, = and2w. Some
modificationscanbe obsened whenthe viscosityex-
ponenteacheg,,,, andaremorevisiblefor relatively
smallvaluesof Re. At thislevel, thereis lost of sym-
metry with respectto both axis and the wall shear
stresstakes positive valuesat =0, 27 and negative
valuesatf=r. As |q| increaseshereis astabilization
with recovering of the symmetrybut for a different
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(a) g=—6.5 (b) ¢=—
0. 0314 0. 0314
0. 02| 0.02
0. 01] 0.01
LS n 3n 2n I s Z 3 2r
-0.01 2 2 -0.01 2 2
-0.02 -0. 02’
0. 0306 -0.0306
(c) ¢=—65 (d) ¢==7
Figure 4: Streamlines and wall shear stress for

Re=70 and n=0.4.

type of curve. Finally, the inversebehaior initiates
until we recover the original state.

Let usalsoobsere thatfor afixedr, the behaior of
themaximumvaluesfor theaxial velocity is indepen-
dentof Re andthatit increase absolutevaluewith
respecto |¢|, while themaximumvaluesof thestream
functionincreasesvith Re and,for a fixed viscosity
parameterhave the samebehaior asthe contours:

they firstincreasethey stabilizeandfinally decrease.

Thecasen = 0.5 is particularin the sensehatit rep-
resentalimit for thebehaior of theflow. For Re=15
andRe=30, the caseis similar to the previous ones.
However, atleastfor the achieved tests,no clockwise
rotationshave beenobsered. This facttogethemwith
the shapeof the vorticesandthe strongdeformation
of the contoursin their neighborhoogsuggesthatwe
arein the presencef some"forces"in oppositionto
therotation. This canbe confirmedwhenconsidering
thecaseof Re=70, wherethevorticesshift away from
the centerandwherethe streamlinesnitiate a slight
clockwiseslope. Finally, the casescorrespondindo
n > 0.6 aremorestable.Evenif themaximumvalue
of |¢| achieved is relatively small, which limits our
conclusionsa carefulanalysisof the different plots
shawv thatthe oppositionto therotationis strongelin
thesecases.

Next we considerthe behaior of the streamfunction
andof thewall shearstresgor anintermediatecurva-
tureratio. Theideais basicallyto comparewith the
casestudiedin thelastsection,andto analyzethe ef-
fectof thecurvatureontheobseredphenomenonAs
previously, we madesereral testsinvolving different

Reynoldsnumbersdifferentviscosityparameterand
implementinga continuatiormethodfor theviscosity
exponenty.

In contrasto thepreviouscase pneof thedirectcon-
clusionswhenanalyzingthe resultscorrespondingo
theintermediatecunatureratiois thefactthatthebe-
havior of the flow is muchmorestable(seeTables4
-5 andFigureb).

ln | |04]05]06]07]09]
Re| 1 [36.7] 4.5 [2.10[1.30 [ 0.59
15| 7.25 [ 3.05 | 1.60 | 0.70 | 0.42
30| 7.15|2.95 | 1.20 | 0.70 | 0.36
50 | 3.80 | 1.85 | 0.75 | 0.55 | 0.34
70 | 0.62 | 0.46 | 0.34 | 0.28 | 0.20

Table 4: Maximum values for the exponent |q|.

n ] [04]05][06]0.7]09]
Re|1]S[LS[S[S][Ss
15/ S|S|S|sS|S
30(S|Ss|sS|s|sS
5(S|S|sS|s|Ss
70|S|8S[Ss]|s|sS

Table 5: Qualitative behavior of the contours.

Indeed,we did not obsere ary rotationandthe con-
toursof the streamfunction remainsymmetric. The
only remarkablefact is relatedto variationsin the
shapeof the vorticesandtheir shift from the center
This behaior initiatesfor smallvaluesof the viscos-
ity exponent|qg|, andis more pronouncedvhenRe
increases.

0.818
0.6
0.4
0.2

of
s 7 37 275

-0.2 2 -

-0.4

-0.6

-0.818

Figure 5: Streamlines and wall shear stress for
Re=70 and n=0.4 and q=-0.6.

Themaximumvaluesfor thestreamfunctionincrease
with |g|, with n andwith Re. The sameobseration
canbe donefor the axial velocity which, contrarily
to the caseof smallcunvatureratio, is sensitve to the
variationsof Re. Thisstabilitycanalsobeobseredin
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thebehaior of thewall shearstress.Thecorrespond-
ing curves are of Newtoniantype (with symmetries
relatively to theaxis)andamplitude(for afixedn and
afixed Re) increasewith |g|. However, in contrast
to the Newtoniantype,for afixedq andafixedn, the
amplitudeof thewall shearstressdecreasewhenthe
Reynoldsnumberincreases.

5 Conclusion

A two-dimensionafinite elementcodehasbeende-
velopedfor the simulationof generalizedNewtonian
fluids with sheaithinning viscosity presentedn this
paper Attention is focusedon steadyfully devel-

opedflows in curved pipesof circular cross-section.

The axial pressurayradientis specifiedand paramet-
ric studiesinvolving the symmetryof the streamline
contoursof secondarylows andthe wall shearstress
areperformedfor certaincurvatureratios,to analyze
the correspondingnertial and viscosity effects as a
functionof theReynoldsnumberandtheviscositypa-
rametergviscosityratio andpowerindex).

A moredetaileddiscussioron the complex behaior
of theseflows is donein [1] and canalso be found
in [13] whereOldroyd-B flows with sheardependent
viscosityareconsidere@ndviscoelasticityeffectsare
alsotakeninto account.

Futurework will be mainly directedto the numerical
study of pulsatileflows in view of its applicationto
blood flow in curved vesselswherethe distribution
of velocities, pressureand wall shearstressesnay
helpto provide someunderstandin@f the genesisof
atherosclerosiandotherarteriallesions.
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