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Abstract: - This paperpresentsa numericalstudyof thebehavior of steadygeneralizedNewtonianflows with
shear-thinning viscosity in a curved pipe. Finite elementsimulationsshow in particularthat, for sufficiently
smallcurvatureratioandwithin acertainrangeof viscosityparameters,thesecondarystreamlinesrotateandthe
flow field losessymmetry.
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4
Intr oduction

Steadyfully developedviscousflows in curvedpipes
of circular, elliptical andannularcross-sectionof both
Newtonianandnon-Newtonianfluids,havebeenstud-
ied theoreticallyby severalauthors(seee.g. [9], [11],
[13], [14], [15], [16], [17]) following the fundamen-
tal work of Dean([7], [8]) for circular cross-section
pipes. Using regular perturbationmethodsaround
thecurvatureratio,Deanobtainedanalyticalsolutions
in the caseof Newtonianfluids. Theseresultshave
beenextendedfor alargerrangeof curvatureratioand
Reynoldsnumber, showing theexistenceof additional
pairsof vorticesandmultiple solutions(seee.g. [18]
and[6]).
Flowsin curvedpipesareconsiderablymorecomplex
thanflowsin straightpipes.In additionto theuniaxial
flow, asecondarymotionisdrivenoutwardduetocen-
trifugal effects,forming apair of symmetricvortices.
This resultsin asymmetricalwall stresseswith higher
shearandlow pressureregions(seee.g. [2], [16] and
[12]).
Thegreatinterestin thestudyof curvedpipeflows is
due to its wide rangeof applicationsin engineering
(e. g. hydraulicpipesystemsrelatedto corrosionfail-
ure) andin biofluid dynamics,suchasbloodflow in
small sizevesselswheretheviscosityshear-thinning
behavior shouldnot be neglected(seee. g. [4] and
[5]). Numericalstudiesof velocity, pressureandwall
shearstressdistribution alongthecurved vesselmay
helpto provide someunderstandingof thegenesisof

atherosclerosisand other arterial lesions(seee. g.
[10] andreferencescitedtherein).
Theaimof thispaperis topresentanumericalstudyof
thebehavior of steadyfully developedflowsof shear-
thinninggeneralizedNewtonianfluidsin curvedpipes
with circularcross-sectionandarbitrarycurvaturera-
tio, for a prescribedpressuregradient. In particular,
thenumericalresultsshow interestingshear-thinning
viscosityeffects: for sufficiently smallcurvatureratio
and for certainviscosityparameterranges,the flow
field is quitecomplex, showing a rotationof thesec-
ondarystreamlinesandalossof symmetryof theflow
field. Strongerinertialeffectsseemto deformthepair
of vorticesand rotatethe flow in an oppositedirec-
tion.
Thesecomplex phenomenaneedto be further ana-
lyzedfrom thetheoreticalpoint of view. This will be
theobjectof a forthcomingpaper.

5
Governing equations

We considersteadyisothermalflows of incompress-
ible generalizedNewtonianfluids with sheardepen-
dentviscosity (of Carreau-Yasudatype) in a curved
pipe 687:9 ;=< with boundary>?6 . For thesefluids,the
extra-stresstensoris relatedto thekinematicvariables
through
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where T is the velocity field, SUTCA^]W N�_�T�J`_aT*bcX
denotesthe symmetricpart of the velocity gradient,d is a real number, F H and F HMH arenon-negative real
numberssatisfying F H JLF HMH�egf . TheCauchystress
tensoris givenby h Ajilk?mPJn@ , wherek represents
the pressure.The equationsof conservation of mo-
mentumandmasshold in thedomain 6 ,o,T�pq_aT�Jn_ kUAC_rpq@P[ _rpqT.A f [
where o esf is the (constant)densityof the fluid.
Weconsiderthedimensionlessform of thissystemby
introducingthefollowing quantities

t�Avuwx [ y\A{z u bx [ |�A}u~z [�k�A u� x���$�
�?�!�c�
� z [
wherethesymbol� is attachedto dimensionalparam-
eters( � representsareferencelengthand � acharac-
teristicvelocityof theflow). Wealsoset F�A � �G��!�
�?�$�G� ,
and introducethe Reynolds number ��� A � z x�!�
�?�$�G� .
Thedimensionelesssystemtakestheform

��� T�p�_aT�Jn_ k�A8_rp�@V[ _rpqT.A f [ N�B3X
with adimensionalextra stresstensorgiven by @�AB�D
O i�F�J:F�D
O,J�Q S�T,Q W Z Y Z�SUT . This systemis sup-
plementedwith a Dirichlet homogeneousboundary
condition T.A f on >?6=� N��3X
�

Formulation in polar toroidal co-
ordinates

Sinceweareconcernedwith steadyflows in acurved
pipewith circularcross-section,it is moreconvenient
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tousethepolartoroidalcoordinatesystem,in thevari-
ables N �Å [ �Æ [ � Ç X , definedwith respectto therectangular
cartesiancoordinatesN �tÈ[ �ÉÊ[ �ËIX throughtherelations

�t�AÌN ; J �ÅlÍ!Î3Ï Æ X Í!Î3Ï u ÐÑ [

�ÉaAÌN ; J �Å�Í!Î3Ï Æ X Ï ��Ò u ÐÑ [ �Ë�A �Å0Ï �ÀÒ Æ [
with fÔÓ Å�Õ Ó ; , f�Ö �Æ Ó B"× and fÔÖ � Ç Ó × ; .
Introducingtheaxial variableandthepipecurvature
ratio Ç A u ÐØ
Ù [ ÚEA Ø
ÙÑ [
we seethat thecorrespondingnon-dimensionalcoor-
dinatesystemis givenby

t�A D ]Û J Å�Í!Î3Ï Æ Z Í!Î3Ï N Ç Ú"X®[
É�A{D%]Û J Å�Í!Î3Ï Æ Z Ï ��Ò N Ç Ú"X®[ Ë�A Å�Ï ��Ò Æ [

with Ú Ó O , fUÖ Æ Ó B"× and f/Ö Ç ÓjÜ Û . Let usnow
formulateproblem(2) in this new coordinatesystem.
To simplify thenotationwe setÝ ] A Å Ú Ï ��Ò Æ [ Ý WßÞ Ý W N Å [ Æ XKA Å Ú Í!Î3Ï Æ [

Ý Þ Ý N Å [ Æ X\ArOPJ Å Ú Í!Î3Ï Æ �
We considerfully developedflows. Thecomponents
of thevelocityareindependentof thevariable Ç , i.e.à ~à Ð A à�áà Ð A à$âà Ð Þ f � NäãÁX
Consequentlytheaxialcomponentof thepressuregra-
dientis aconstant; à �à Ð Arilk H � N�å3X
Taking into account(4)-(5) andusingstandardargu-
ments,we rewrite problem( B3X in thetoroidalcoordi-
nates N Å [ Æ [ Ç X . This problemis definedin the (bidi-
mensional)setæ A�ç(N Å [ Æ XVè�éKW�Q faÓ Å Ó O"[ faÓ Æ�ê B"×\ëß[
andreadsasfollows

Find N�T Þ Nä|È[Mì([Mí=X®[¹k�X solutionofîïïïïïïïïïïïïïïð ïïïïïïïïïïïïïïñ

i¾DG_rp�@òi �U� T�ónTÈZqZ Ø J à �à Ø A f [
i¾DG_rp�@òi �U� T�ónTÈZqZ�ôKJj]Ø à �à ô A f [
i¾DG_rp�@òi �U� T�ónTÈZqZ Ð J � �õ A f [àà Ø N Å Ý |�X�J àà ô N Ý ì�X\A f [
TPö à�÷ A f [

N�ø3X

B
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where

_aT�A
ùúúúú
û
à ~à Ø à�áà Ø à$âà Ø
]Ø à ~à ô i á Ø ]Ø à�áà ô J ~ Ø ]Ø à$âà ô
i õ�üØ õ í õ"ýØ õ í õ�üØ õ |Ui õ"ýØ õ ì

þ$ÿÿÿÿ
�
[

andwhere _Ìp�� is givenby

Å Ý N�_rp��ßX Ø A àà Ø N Å Ý � Ø�Ø X*J àà ô N Ý � Ø ô X�J àà Ð N Å � Ø Ð Xi Ý W � Ð
Ð i Ý � ôMô [Å Ý N�_rp�� X ô A àà Ø N Å Ý � ô Ø X*J àà ô N Ý � ôMô X J àà Ð N Å � ô Ð XJ Ý ] � Ð
Ð J Ý � Ø ô [Å Ý N�_rp�� X Ð A àà Ø N Å Ý � Ð Ø X*J àà ô N Ý � Ð ô X�J àà Ð N Å � ÐcÐ Xi Ý ] � ô Ð J Ý W � Ø Ð �
�

Numerical approximation
Finiteelementmethodsareusedtoobtainapproximate
solutionsto system(6). Thealgorithmweconsiderto
solve theproblemis basedon Newton’s method,the
non-linearpart being explicitely calculatedat each
iterationstep. In orderto studytheeffect of thenon-
constantviscosity, we comparethequalitative behav-
ior of the axial velocity, the streamfunction andthe
wall shearstressof both Newtonianandgeneralized
Newtonianfluids. Calculationswereachievedfor dif-
ferentvaluesof the parametersinvolved in the gov-
erningequations(theReynoldsnumber�U� , thecurva-
tureratio Ú , thenon-dimensionalviscosityparameterF andtheexponentd appearingin thepower-law type
viscosity). A continuationmethodis carriedout to
implementthesedifferenttests.
Whenthe Reynoldsnumberis set to zero (creeping
flows),thereisnosecondarymotionandnowall shear
stressandasexpected, thesolutionisof Poiseuille type
in both cases.The contoursof the axial velocity í
arecircles,centeredaboutthecentralaxisin thecase
of a small curvatureand are shifted away from the
centerwhen Ú increases.Theonly differencebetween
the Newtonian and generalizedNewtonian flows is
relatedto the maximal value achieved by í , which
increaseswith Q d Q , beforestabilizing for somevalue
of thisparameter.

���	� Inertial Newtonianflows
If ����
A f , it is well known thata "slight curvature"
of thepipeaxisinducescentrifugalforcesonthefluid
which forms a secondaryflow. A pair of symmetric
vorticesis thensuperposedto theaxialPoiseuilleflow,
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and strengthenwhen �U� increases. The effect of
the curvatureratio is similar to the caseof creeping
flows. In FiguresB , weplot thecontoursof thestream
functionandthewall shearstressfor �U� = ô f , Ú = f � f%f O ,
and Ú = f � O . As canbe observed, the contoursof the
streamfunctionshow ashift from thecenterin thelast
case.Thebehavior of thewall shearstressis identical.
Theonly differenceis relatedto theamplitudewhich
clearly dependson the Reynoldsnumberandon the
curvatureratio.

���öõ Shear-thinning flows
Inertial generalizedNewtonianflows aremorecom-
plex. Thecontoursof thestreamfunction,aswell as
thewall shearstressvary with respectto theparame-
tersF andd , appearingin thedefinitionof theviscosity
function, andwith respectto the Reynolds �U� . Be-
causeof thehighly non-linearnatureof themodel,the
interactionbetweenthecorrespondingterms,namely
the convective andthe viscosityterms,is difficult to
handle.
We first considerthecaseof a "slightly curved" pipe
( Ú = f � f%f O ). Fixing ��� , we increasethe parameterF
(togetherwith Q d Q ) in orderto studythe effect of the
viscosity. As can be seenin Tables2-3, the flow
seemsto behave in threedifferent ways, depending
on thevalueof theviscosityparameter, namelyfor F
taking valuesin the sub-intervals ÷ f [ f � ã ÷ , ÷ f � ã�[ f � ø ÷
and ÷ f � ø�[ÈO ÷ .
Table1 shows themaximumvalue dùø�úüû obtainedfor

�
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eachoneof the casesconsidered.For a fixed F , we
havegloballythesamerangeof values,independently
of theReynoldsnumber. For F�è ÷ f [ f � ã ÷ , dùø�úüû is a
constant. For FnA f � ã and FLA f � å , the maximum
valueincreaseswith ��� , while it decreasesfor F tak-
ing thevaluesf � ø , f �ýô and f �ÿþ . As weshallseebelow,

� f � O f � B f � ã f � å f � ø f �ýô f �ÿþèëê O ô B � å ô B � å ø �ýô å � f � � ã O ��� f � øO�å ô B � å ô B � å B%å � B å �ÿþ B �ÿþ O �ýô f � ø� f ô B � å ô B � å B1ã � � å �ÿþ B � å O � ã f � øå f ô B � å ô B � å B ��� � å �ÿþ B � ã O � B f � ø
ô f ô B � å ô B � å �IO � ø å ��� B � O O � B f � å
�����	� � O" �

����������������������� �"!�#'Q d�Q%$

oneof thesurprisingeffectsof thenon-constantvis-
cosity on the secondaryflows, verifiableat leastfor
smallcurvatureratios,is therotationof thecontours.
Table2 dealswith the global behavior of thesecon-
toursfor differentvaluesof theparameters. Notation&
and ' referrespectively to symmetricandleft-rotating
contours,while ')(*& referstocontoursthatrotateto the
left andthento theright, beforestabilizingin a sym-
metricway.

� f � O f � B f � ã f � å f � ø f �ýô f �ÿþèëê O & '�(+& ' ' ' & &O�å & '�(+& ')(*& ' ' & &� f & '�(+& ')(*& ' & & &å f & '�(+& ')(*& & & & &
ô f & '�(+& ')(*& & & & &

�����	� � B� -,.�������+/+�0/*�1�2�430��56���7�8!�#9!7�:/*56�<;�!7=>/1!0��#?�@$
� f � O f � B f � ã f � å f � ø f �ýô f �ÿþèëê O i O þ ø � f ã � f B �ÿþ i iO�å i O þ ø � f ã � f B ��� i i� f i O þ ø � f ã � B i i iå f i O þ ø � f i i i i

ô f i O þ ø � f i i i i
�A���6� � �� CB	���1�����D�"!�#�Q d á?E Ø Q0��=	�+/*�F�0/*��=0GH/*56�9#�!I/+�0/*�J!7=K$
Table3 presentsthevaluesof Q d á?E Ø Q correspondingto
theviscosityexponentthatinitiatestherotation(when
it occurs).It is clearthat d á?E Ø decreasesasF increases.
Moreover, for F fixed, this exponentis constantand
independentof thevaluesof theReynoldsnumber.
For F = f � O , the contoursare still symmetricand the
qualitative behavior is of Newtoniantype. The only
differencelies in the valuesof the streamfunction,

which increasein absolutevaluewith theexponentd
andwith �U� , while theaxial velocity is constant.
For F = f � B (respectively F = f � � and f � ã ), interesting
phenomenacanbe observed. Initially, the behavior
is identicalto theprevious case,but as Q d�Q increases,
we observe a variation in the shapeof the vortices,
theirdisplacementto thecore,theconcentrationof the
contoursandthereductionof theglobalsurfacein this
region. For d Þ d á?E Ø = i O þ (respectively d á?E Ø = i þ andd á?E Ø = ißø ), the contoursinitiate a counter-clockwise
rotation,augmentingwith Q d Q . At somelevel, a sta-
bilization can be noticed, followed by a clockwise
rotationwheretheinversephenomenonoccurs:weak-
eningof thecontoursin thecoreregion,distancement
of thevorticesanddecreasingof theangleof rotation
till the recovery of the symmetry(seeFigures3-4).
Let us alsoobserve that even if the rotationinitiates
at thesameexponentindependentlyof theReynolds
number, theinertial forcesseemto opposeresistance
andclearlyaffect themaximumangleof rotation.
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Parallel variationsin the behavior of the wall shear
stresscan be observed. Initially, the behavior is of
Newtoniantype,with symmetriesrelatively to thehor-
izontalaxisandto theverticalaxis � = � , andwith the
wall shearstressvanishingat � = � , � and ��� . Some
modificationscanbeobservedwhentheviscosityex-
ponentreaches� á
	 Ø , andaremorevisiblefor relatively
smallvaluesof �
� . At this level, thereis lostof sym-
metry with respectto both axis and the wall shear
stresstakes positive valuesat � = � , ��� and negative
valuesat � = � . As � ��� increases,thereis astabilization
with recovering of the symmetrybut for a different

�
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type of curve. Finally, the inversebehavior initiates
until we recover theoriginal state.
Let usalsoobserve that for a fixed · , thebehavior of
themaximumvaluesfor theaxialvelocity is indepen-
dentof �¸� andthatit increasesin absolutevaluewith
respectto � ��� , while themaximumvaluesof thestream
function increaseswith �¸� and,for a fixedviscosity
parameter, have the samebehavior as the contours:
they first increase,they stabilizeandfinally decrease.
Thecase·º¹»�½¼¿¾ is particularin thesensethatit rep-
resentsalimit for thebehavior of theflow. For �
� = ÀÁ¾
and �
� = ó � , the caseis similar to the previous ones.
However, at leastfor theachievedtests,no clockwise
rotationshave beenobserved. This facttogetherwith
the shapeof the vorticesandthe strongdeformation
of thecontoursin theirneighborhoodsuggestthatwe
arein thepresenceof some"forces" in oppositionto
therotation.Thiscanbeconfirmedwhenconsidering
thecaseof �
� = ÂÃ� , wherethevorticesshift awayfrom
the centerandwherethe streamlinesinitiate a slight
clockwiseslope. Finally, thecasescorrespondingto·ÅÄÆ�½¼¿Ç aremorestable.Evenif themaximumvalue
of � �È� achieved is relatively small, which limits our
conclusions,a carefulanalysisof the differentplots
show that theoppositionto therotationis strongerin
thesecases.
Next we considerthebehavior of thestreamfunction
andof thewall shearstressfor anintermediatecurva-
ture ratio. The ideais basicallyto comparewith the
casestudiedin thelastsection,andto analyzetheef-
fectof thecurvatureontheobservedphenomenon.As
previously, we madeseveral testsinvolving different

Reynoldsnumbers,differentviscosityparametersand
implementingacontinuationmethodfor theviscosity
exponent� .
In contrastto thepreviouscase,oneof thedirectcon-
clusionswhenanalyzingtheresultscorrespondingto
theintermediatecurvatureratio is thefactthatthebe-
havior of theflow is muchmorestable(seeTables4
-5 andFigure5).

ÿ �½¼ � �½¼¿¾ �½¼¿Ç �½¼ÉÂ �½¼¿Êøúù À ó ÇË¼ÉÂ � ¼¿¾ �Ë¼ÌÀÍ� À�¼ ó � �½¼¿¾ÎÊ
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Indeed,we did not observe any rotationandthecon-
toursof the streamfunction remainsymmetric. The
only remarkablefact is relatedto variationsin the
shapeof the vorticesandtheir shift from the center.
This behavior initiatesfor smallvaluesof theviscos-
ity exponent � �È� , and is morepronouncedwhen �¸�
increases.

−1 0 1
−1

0

1

 

−0.0187� � −0.0171
� �

−0.0171� 	
−0.0154


 �
−0.0154
� 
 −0.0138

�

−0
.0

13
8�

−0.0138� � −
0.

01
22�

−0.0122� �
−0.0122
� �

−
0.0106

�−0.0106� �
−0.0106
�

−0
.0

08
97�

−0.00897
�

−0.00897

�
−0.00897� −

0.
00

73
5�

−0.00735 

−
0.

00
73

5!
−0.00735" −0.00572# #

−0.00572
$

−0
.0

05
72% %

−0.00572&
−0.0041' '

−0.0041

(−0.0041) )

−
0.

00
41*

−0.0041+ + −0.00248, -

−0.00248

. .−0.00248/

−
0.

00
24

80
−0.002481

−0.0008612 2

−0.000861

3
−0.000861
4 4

−0.0008615

−0.000861

6
−0.0008617 7

0.000768 8

0.00076

9 9
0.00076: : 0.

00
07

6;
0.00076< <0.00076= =

0.00238> ?
0.00238

@ A
0.00238B C

0.
00

23
8D

0.00238E F
0.004G G
0.004

e e
0.004H H

0.004

I0.004J J

0.00562

K
0.00562L M

0.
00

56
2N

0.00562O P

0.00724

Q
0.00724R S

0.
00

72
4T

0.00724U V
0.00886

e W
0.00886X Y

0.00886Z [

0.0105

\
0.0105] ^

0.0105_

0.
01

21`
0.0121a b

0.0121c
0.0137
d e

0.0137

f
0.0153

g h 0.0153

i
0.017j0.0186k l

−1 0 1
−1

0

1

mn n n n n
2

m 3 mn n n n n n n n n
2

2 m

-0.818

-0.6

-0.4

-0.2

0.2

0.4

0.6

0.818

ìîíåï�ð�ñêòpoIõ÷ö ©·¯M¤ ¼$¦=º»³�¨�¤
¢�¼$¨ ±r¶�¼$º»º�¢c¸�¤
¼�¯�¢ ©·¯M¤
¢c¢.«·ª$¯øúù7ûrq þ ¼$¨�±-ÿ ûýþ�� � ¼$¨�±ts ûvuýþ�� w Ä
Themaximumvaluesfor thestreamfunctionincrease
with � �È� , with x andwith �
� . Thesameobservation
canbe donefor the axial velocity which, contrarily
to thecaseof smallcurvatureratio, is sensitive to the
variationsof �¸� . Thisstabilitycanalsobeobservedin
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thebehavior of thewall shearstress.Thecorrespond-
ing curves are of Newtonian type (with symmetries
relatively to theaxis)andamplitude(for afixed x and
a fixed �¸� ) increaseswith � ��� . However, in contrast
to theNewtoniantype,for a fixed � andafixed x , the
amplitudeof thewall shearstressdecreaseswhenthe
Reynoldsnumberincreases.

y
Conclusion

A two-dimensionalfinite elementcodehasbeende-
velopedfor thesimulationof generalizedNewtonian
fluids with shear-thinning viscositypresentedin this
paper. Attention is focusedon steadyfully devel-
opedflows in curved pipesof circular cross-section.
Theaxial pressuregradientis specifiedandparamet-
ric studiesinvolving the symmetryof the streamline
contoursof secondaryflows andthewall shearstress
areperformedfor certaincurvatureratios,to analyze
the correspondinginertial and viscosity effects as a
functionof theReynoldsnumberandtheviscositypa-
rameters(viscosityratio andpower-index).
A moredetaileddiscussionon thecomplex behavior
of theseflows is donein [1] and canalsobe found
in [13] whereOldroyd-B flows with shear-dependent
viscosityareconsideredandviscoelasticityeffectsare
alsotakeninto account.
Futurework will bemainly directedto thenumerical
studyof pulsatileflows in view of its applicationto
blood flow in curved vesselswherethe distribution
of velocities, pressureand wall shearstressesmay
helpto provide someunderstandingof thegenesisof
atherosclerosisandotherarteriallesions.
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