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Preface

This is a development report for the investigation of the partial differential equation net-

works. In this report, we mainly discuss the stabilization of the wave equations with variable

coefficients defined on the metric graphs. These networks might be discontinuous or with cir-

cuits.

In the past decades, there have been a lot of literature studying the controllability, observ-

ability and stabilization for the elastic system. Some nice results and innovative approaches

have obtained. For examples, Rolewicz in [95] investigated the controllability of systems of

strings; Cox and Zuazua in [22] studied decay rate of the energy of single string system; Xu

and Guo in [111] studied the stabilization of a string with interior pointwise control and ob-

tained the Riesz basis property of the eigenfunctions of the system; more recent papers for

single string system, we refer to [128], [120] and the reference therein. While single Timoshenko

beam treated as two weakly internal-coupled vibrating strings have been studied under various

boundary conditions, for instance, see [110], [112], [113],[114] and [115]. Under different control

laws, the exponential stabilization and the Riesz basis property of those systems were obtained.

There were some nice results for the serially connected strings system, here we refer to literature

[15], [62], [68] and [71], in which the authors used the multiplier approach to obtain stabilization

for the wave equations by boundary control. In particular, under certain conditions, Liu et al

in [71] obtained the exponential stabilization for a long chain of vibrating strings. Guo et al

in [43] gave an abstract sufficient condition to deal with Riesz basis generation and apply it to

serially connected strings. For other type of serially connected elastic system such as Euler-

Bernoulli beams and Timoshenko beams, many authors had made great effort on the control

and stabilization of the system, for instance, see [96], [16], [103] and [119].

The study of the differential equations on graphs (or networks) was derived from distinct

science background. The questions arise the high-tech such as chip interconnect problem and

electron motion in a molecule. The differential equations on graphs was investigated in [87]

and [40] for the scattering problem of the free electrons. Since then, there were a great deal

papers studying the properties of the differential equations, we refer to two works [90] and [12],

in which the authors gave a brief review of results on this aspect. As for spectral problem of

the differential equations on the graphs, there were many nice results, we refer to the works

of J. von Below, F. Ali Mehmeti and S. Nicaise, please see [10], [1] ,[30] and the references

therein. The elastic networks are important class of the differential equations on graphs. As
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to the modelling and control problem of the elastic networks, we refer to the early works [75]

and [102]. More recent development on controllability, observability and stabilization of the

network of strings, we refer to a book [34] and a report [129], in where there is a complete list

of references on the study of network of strings.

We observe that most of the literature aforementioned mainly deal with the differential

equations on graphs with constant coefficients and system continuity, there are a few works

discussing the system with variable coefficients and discontinuity. Therefore, we choose the

networks with variable coefficients as our research object. Our project includes the following

two aspects:

(1) Stabilization of elastic network with variable coefficients;

(2) Identification of the network structure.

In the first aspect, we mainly discuss design of the feedback controllers involving the location

of controllers and availability of controllers and stability analysis of the close loop system. In

the second part, our attention focuses on identifying the shape of the network structure by

measurement. These questions have important application in the real world.

This report is merely a development report for investigation of one dimensional wave net-

works. The first four chapters are basic materials on the elastic networks. Chapters 5–9 are

on the control and stabilization of networks of strings. These works are finished recently. As

to the networks of Euler-Bernoulli beams and Timoshenko beams, we will give an investigation

report on them in the future. This research is supported by the Natural Science Foundation of

China Grant NSFC-60874034 and partially supported by WSEAS.



Contents

1 Complex Dynamic Systems 1

1.1 Distributed electronic circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Distributed parameter model of interconnects . . . . . . . . . . . . . . . . 1

1.1.2 Complex circuit equations with distributed elements . . . . . . . . . . . . 2

1.2 Saint Venant network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Saint Venant equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.2 Saint-Venant network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Ramp-metering modelling in road traffic networks . . . . . . . . . . . . . . . . . 5

1.3.1 The LWR Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3.2 The LWR network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Transport system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.5 Elastic grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5.1 String equation with tip mass . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5.2 Elastic gird . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6 Modeling elastic system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.6.1 Elastic network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.6.2 Planar motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.6.3 Vertical motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2 Graph and Function Defined on Graphs 18

2.1 Graph theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.1.1 Basic notions in graph theory . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.1.2 Algebraic structure of a graph . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.3 Spectral graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.1.4 Geometric structure of a graph . . . . . . . . . . . . . . . . . . . . . . . . 27

4



CONTENTS 5

2.2 A function defined on graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.2.1 Continuity condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.2.2 Flow continuous condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.2.3 Weighted flow condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.2.4 Linearly nodal condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.2.5 Nonlinear node condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3 Ordinary Differential Equations on Graphs 53

3.1 First order linear differential equation . . . . . . . . . . . . . . . . . . . . . . . . 53

3.1.1 Continuous solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.1.2 Flow continuous solution . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.1.3 Solution to linearly nodal condition . . . . . . . . . . . . . . . . . . . . . 59

3.2 Second order differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.2.1 Continuous solution on G . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2.2 Linearly nodal conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.3 Second-order differential operator and its adjoint . . . . . . . . . . . . . . . . . . 66

4 Partial Differential Equations on Graphs 70

4.1 wave equation on graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.1.1 Nodal condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.1.2 Nodal condition for the dynamic equilibrium . . . . . . . . . . . . . . . . 72

4.1.3 The structural equilibrium condition . . . . . . . . . . . . . . . . . . . . . 77

4.1.4 Wave equation on metric graphs . . . . . . . . . . . . . . . . . . . . . . . 82

4.1.5 Some classical vertex conditions . . . . . . . . . . . . . . . . . . . . . . . . 85

4.2 Euler-Bernoulli beam equations on graphs . . . . . . . . . . . . . . . . . . . . . . 86

4.2.1 Nodal condition for self-adjoint operator . . . . . . . . . . . . . . . . . . . 86

4.2.2 The structural equilibrium condition . . . . . . . . . . . . . . . . . . . . . 91

4.2.3 Some classical vertex conditions . . . . . . . . . . . . . . . . . . . . . . . . 95

4.2.4 Euler-Bernoulli beam equation on graphs . . . . . . . . . . . . . . . . . . 96

4.3 Timoshenko beam equations on graphs . . . . . . . . . . . . . . . . . . . . . . . . 98

4.3.1 Nodal condition for self-adjoint operator . . . . . . . . . . . . . . . . . . . 98

4.3.2 The structural equilibrium condition . . . . . . . . . . . . . . . . . . . . . 104

4.3.3 Timoshenko beam equations on metric graphs . . . . . . . . . . . . . . . . 109

4.3.4 Some classical vertex conditions . . . . . . . . . . . . . . . . . . . . . . . . 109



6 CONTENTS

5 Networks of Strings and Design of Controllers 111

5.1 Networks of strings with elastic supports . . . . . . . . . . . . . . . . . . . . . . . 111

5.1.1 Vectorization form of networks of strings . . . . . . . . . . . . . . . . . . . 112

5.1.2 Design of observers and feedback controllers . . . . . . . . . . . . . . . . . 113

5.2 Boundary and internal controllers . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.2.1 Mixed boundary conditions if ∂G 6= ∅ . . . . . . . . . . . . . . . . . . . . 121

5.3 Discontinuous networks of strings . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.3.1 Semi-continuous networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.3.2 Discontinuous networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.3.3 Twist curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.4 Nodal dynamic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6 Abstract Second Order Hyperbolic Systems 138

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.2 Well-posed-ness of abstract differential equations . . . . . . . . . . . . . . . . . . 139

6.3 Spectral analysis of A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

6.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6.4.1 Tree-shaped network of 7-strings . . . . . . . . . . . . . . . . . . . . . . . 152

6.4.2 n-serially connected strings . . . . . . . . . . . . . . . . . . . . . . . . . . 157

6.5 Conclusion remark . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

7 Continuous Network of Strings 164

7.1 Well-posedness of the continuous network . . . . . . . . . . . . . . . . . . . . . . 164

7.2 Asymptotic stability of the system . . . . . . . . . . . . . . . . . . . . . . . . . . 167

7.2.1 λ = 0 ∈ ρ(A) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

7.2.2 Eigenvalue problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

7.2.3 Criterion on asymptotic stability . . . . . . . . . . . . . . . . . . . . . . . 170

7.3 Geometric method in analysis of asymptotic stability . . . . . . . . . . . . . . . 171

7.4 Continuous networks and their equivalent forms . . . . . . . . . . . . . . . . . . . 179

7.4.1 Variable coefficient equation and its equivalent form . . . . . . . . . . . . 179

7.4.2 Continuous networks versus discontinuous networks . . . . . . . . . . . . 181

7.5 Comparison of systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

7.6 Conclusion remark . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187



0 CONTENTS

8 Stabilization of Serially Connected Strings 189

8.1 Model and design of controllers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

8.2 Well-posed-ness and asymptotic stability of the system . . . . . . . . . . . . . . . 192

8.3 Asymptotic analysis of spectrum of A . . . . . . . . . . . . . . . . . . . . . . . . 198

8.4 Completeness and Riesz basis property of root vectors of A . . . . . . . . . . . . 203

8.5 Conclusion remark . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

9 Network of Strings with A Triangle-Shape Circuit 210

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

9.2 Well-pose-ness of the system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212

9.3 Spectral analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

9.4 Completeness and Riesz basis of root vectors of A . . . . . . . . . . . . . . . . . 217

9.5 Asymptotical stability of the closed loop system . . . . . . . . . . . . . . . . . . . 220

9.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222


	1
	TELIKO



